We find the effective action for any D-brane in a general bosonic background of supergravity. The results are explicit in component fields up to second order in the fermions and are obtained in a covariant manner. No interaction terms between fermions and the field f = b + F , characteristic of the bosonic actions, are considered. These are reserved for future work. In order to obtain the actions, we reduce directly from the M2-brane world-volume action to the D2-brane worldvolume action. Then, by means of T-duality, we obtain the other Dp-brane actions. The resulting Dp-brane actions can be written in a single compact and elegant expression.
Introduction
introduction to normal expansion techniques. Section 3 deals with the reduction of the second order expanded M2-brane action to obtain the corresponding D2-brane action. Section 4 is a comprehensive instruction manual for performing T-duality on such actions. Section 5 gives the final form of the Dp-brane actions up to second order in the fermion expansion. Appendix A fixes our conventions for spinors and the gamma matrix algebra, appendix B gives the 11D supergravity constraints, the zero order component fields and the 10D supergravity conventions while appendix C gives some useful formulas for T-duality.
Normal coordinate expansion for the M2-brane
In a superspace formalism, the supercoordinates z M decompose into bosonic coordinates x m and fermionic coordinates θ µ . Here we also introduce a similar decomposition for tangent space vectors y A , with A = (a, α):
y A = (y a , y α ).
(1)
The normal coordinate expansion is a method based on the definition of normal coordinates in a neighborhood of a given point z M of superspace. The idea is to parameterize the neighboring points by the tangent vectors along the geodesics joining these points to the origin. Denoting the coordinates at neighboring points by Z M and the tangent vectors by y A , we have
where the explicit form of Σ M (y) is found iteratively by solving the geodesic equation. Tensors at the point Z M may be compared with those at z M by parallel transport. In this sense, the change in a general tensor under an infinitesimal displacement y A is
Finite transport is obtained by iteration. In this way we may consider the corresponding expansion in the operator δ for any tensor in superspace. For example, consider the vielbein
In particular one finds the following fundamental relations by means of which one can expand any tensor iteratively to any order (see for example [6] ), δy = 0 ,
where T is the torsion and R the Riemann tensor. In our case, we are interested in an expansion up to second order around a bosonic background of 11D supergravity. We therefore set z M = (x m , 0) and y A = (0, y α ). By means of the 11D superconstraints (see appendix B), one finds the following formulas: δE a = 0,
At this point, in order to obtain the expanded M2-brane action in component fields, we simply take the M2-brane supersymmetric action, perform substitutions using equations (3,6) discard terms above second order in Fermions. The supermembrane action is,
where i = (0, 1, 2), T M 2 = (4π 2 l 3 p ) −1 , l p is the 11D Plank length, (G,A) are the pull-back to the supermembrane of the metric and 3-form super-fields of N=1 11D supergravity.
The normal coordinate expansion to second order in fermions yields S = S (0) + S (2) ,
where (G, A) are the bosonic pull-back of (G,A), y is a real Majorana 32 component spinor, Γ i are pull-backs of real gamma matrices, ∇ i is the pull-back of the usual spinor covariant derivative, and
with H = dA. The above action is a truncation of the 4th order expansion found in [6] . The fermionic part of action S (2) can be rewritten in the more compact and suggestive form,
where
We would like to remark that this action is by construction supersymmetric and k-symmetric up to second order 3 .
M2 reduction to D2
In this section we take the world-volume action of the supermembrane given in equations (8, 10) and perform a dimensional reduction to obtain the superspace action for the type IIA D2-brane in 10D up to second order in y. We use hatted symbols for 11D indices and un-hatted symbols for 10D indices. As in the previous section we take a, b, c . . . = (0, 1, . . . , 9) as tangent space indices and m, n, o . . . = (0, 1, . . . , 9) as space-time indices. We also underline number indices corresponding to tangent space directions (i.e. Γ 0 ), leaving space-time indices unadorned. Thus the bosonic space-time coordinates xm split into (x m , x 10 ), where all the background fields are taken to be independent of x 10 . As usual, one chooses a local frame for the reduction in which one has the vielbein
Here e a m is the 10D vielbein in the string frame, C (1) = dx m C m is the RR 1-form potential and φ is the dilaton. The 3-form potential of 11D supergravity A = 1 3! dxm ∧ dxn ∧ dxpApnm decomposes into the RR 3-form potential C (3) = 1 3! dx m ∧ dx n ∧ dx p C pnm and the NS two-form b (2) = 1 2! dx m ∧ dx n b nm in the usual form 4 ,
In order that the supercoordinate transformations of 10D superspace maintain the canonical form, we also use the customary rescaling of fermions
in the reduction from 11D to 10D. Since we work with pull-backs to the membrane of the above fields, we define
Hence, the pull-back of the bosonic 11D metric G is written as,
where g is the 10D metric.
Let us now recall that the procedure to obtain the D2-brane action with its characteristic Yang-Mills field F = dA, is to add a term 1 2 ǫ ijk (p i + C i )F jk , in which F jk appears as a Lagrange multiplier, to the reduced M2-brane action. One then takes p i as an independent variable, solves for it using its equation of motion, and inserts the result back in the action. The reduction of the bosonic action S (0) is known in the literature; here we just quote the result from [8] :
where T D2 = (4π 2 l 3 s g s ) −1 is the D2-brane tension, l s is the string length, g s is the string coupling, (C (1) , C (3) ) are the pull-backs of the RR potentials in type IIA supergravity, f = F + b, F is the Yang-Mills world-volume field strength, and b is the pull-back of the NS-NS antisymmetric field.
We now turn to the reduction of our action (8) . The resulting expresion contains interaction terms between the world-volume vector p i and the fermions. These terms come from fluctuations of the membrane along the 11th dimension and along the fermionic directions y. However, the solution obtained above for p i is of the form p i ∝ ǫ ijk f jk + O(y 2 ). Thus, since we wish to neglect interactions between f and Fermions, we may in fact consider p i to be of order y 2 .
After some lengthly algebra we find that the bosonic part of the 10D type IIA D2-brane action is equal to (17), while the second order fermionic part is given by
and we have used
See appendix B for the remaining supergravity definitions. The full action is given by (17) and (18) together. Note that we have not fixed k-symmetry and that the Majorana fermion y still has 32 real components.
T-duality Rules
In this section, we introduce the notation and rules necessary to perform the T-duality transformation in the fermionic part of the Dp-brane action. To do so, it is convenient to rewrite the corresponding world-volume theories in terms of combinations of the 10D supergravity fields that transform covariantly under T-duality. We will also need some basic rules to deal with the pullback on the branes of the supergravity fields.
We will perform the T-duality using the Hassan formalism 5 [9] . In this approach, the Tduality transformations are strongly related to the supersymmetry transformations of the gravitino (δψ m ∼ D m ǫ ) and the dilatino (δλ ∼ ∆ǫ). These supersymmetry transformations involve the following operators acting on 10D Majorana spinors in type IIA supergravity (see appendix B):
It is also convenient to decompose the Majorana spinors in terms of the Weyl spinors of type IIA and IIB. Hence, we split our Majorana spinor y into two Majorana-Weyl (MW) spinors of opposite chirality:
When acting on MW spinors of chirality ±, the operators above take the following form,
with
In the rest of this work, we will not write the subscript (±) explicitly, as it will be determined by the chirality of the spinor on which the operators act. For type IIB supergravity theory, we have two MW spinors y (1, 2) of positive chirality and the following operators acting on them (the upper sign refers to y 1 while the lower one to y 2 ):
As for the type IIA operators, we will suppress the subscript (1, 2) . This subscript is determined by the spinor on which the operators act.
T-duality rules for background fields
We wish to apply T-duality along the 9th direction. Let us introduce the following useful objects (m,n = 0, . . . , 8)
The T-duality rules for E mn and φ are 6 ,
For the transformation of the vielbein and the spinors, we will use the Hassan conventions to avoid ambiguities 7 . The transformation rules for the vielbein arẽ
We will also need the alternative transformed vielbein
and the transformation rules for the RR potentials C (n)
Therefore going from IIA to IIB, we have:
Conversely, going from IIB to IIA we have
Recall that there are two possible choices e m (±)a for the transformed vielbein, related by a Lorentz transformation Λ b a.
T-duality rules for pulled-back quantities
Once again we will need to fix some conventions. We use world-sheet coordinates ξ i (i = 0, . . . , p) on the Dp-brane and ξ I (i = 0, . . . , p, 9) on the D(p + 1)-brane. We also fix the static gauge x i (ξ) = ξ i for the Dp-brane and x I (ξ) = ξ I for the D(p + 1)-brane. We adopt Myers' notation [10] for the pull-back (m = p + 1, . . . , 9,m = p + 1, . . . , 8):
and P Dp [g ij ] stands for the inverse of P Dp [g ij ].
As above, we consider the field f ij = P Dp [B ij ] + F ij to be of order O(y 2 ) for any Dp-brane and we neglect the interaction terms of order O(y 3 ). The T-duality transformation rules for the pulled-back fields are then straightforward but tedious to derive. Since they are not very illuminating and may result in a undesired distraction for the reader, we have relegated them to appendix C.
Dp-brane actions
The T-duality rules described in the previous section, allow us to obtain any of the type II super D-brane actions from the D2-brane action of equation (17,18). To do this, we first use the well-known fact that the bosonic Dp-brane actions follow by T-duality from that of the bosonic D2-brane, i.e.
and
where T Dp = 2π[(2πl s ) p+1 g s ] −1 . Second, we rewrite the fermionic part of the action (18) in a much more compact, elegant, and appropriate form for the study of T-duality,
using the definitions introduced in the previous section. Finally, we observe that, up to interacting terms in f and y, under T-duality we have
Hence, we need only study the T-duality transformation of the quadratic terms in y to obtain all the fermionic parts of the Dp-brane actions. Let us consider the case of a T-duality transformation to the D3-brane; i.e. a T-duality along a direction x 9 transverse to the original D2-brane. To do so, we separate the fermion y in two fermions of opposite chirality y = y + + y − . Then, using the definitions introduced in the previous section, we havē
Consider for example the termȳ + (Γ i D (0) i − ∆ (1) )y + . This may be rewritten more explicitly as follows:ȳ
It is convenient to regard the result (38) as having been obtained by applying T-duality to a D3-brane, so that our goal is to reconstruct the "original" type IIB term in the D3-brane action. Applying the rules of the previous section and appendix C, one finds that, up to interaction terms in f and y, we havē
Now for any matrix M IJ with inverse M IJ , one has the identities
from which we obtainȳ
All other terms of the fermionic D2-brane action transform similarly. The fermionic part of the D3-brane action is thus
where we have introduced
To rewrite S
D3 in more compact form, we define the quantities
where σ 1 , σ 2 are the standard Pauli matrices described in appendix A. Hence the final form for the fermionic part of the D3-brane actions is
One obtains the action for any other D-branes analogously. After a long but straightforward calculation, one finds the following general action for any Dp-brane 8 :
where, for p odd:
while for p even:
In addition, P Dp (−) = 1 2 (1 −Γ Dp ), whereΓ Dp is given by,
for q = (0, 1, 2).
Summary
In this work we have expressed the Dp-brane actions in terms of component fields, neglecting interactions between fermions and the field f . Modulo these neglected terms, we have worked to second order in the fermions about an arbitrary bosonic supergravity background. Again modulo the neglected terms, these actions are k-symmetric by construction, though we have reserved the detailed relation to rigid supersymmetry for a future work [1] . We have used normal coordinate expansion techniques, which allowed us to write the full second order expansion in terms of covariant tensors. We have also obtained the T-duality rules for these actions using the formalism of Hassan [9] . We emphasize that our results, i.e. (46), yield the first explicit component-field presentation of these actions in generic bosonic backgrounds. We have not fixed k-symmetry, and all terms are covariant under bulk space-time transformations. Our methodology was as follows. First, the M2-brane k-symmetric action was expanded using normal coordinates up to second order in the fermions following [6] . Next, we performed a single dimensional reduction to obtain the D2-brane action. Finally, by means of the T-duality map, we recovered the Dp-brane actions for all other p.
A forthcoming paper [1] will compute the neglected interaction terms between gauge fields and fermions. A detailed discussion of the k-symmetries and supersymmetries will also be presented. Such a treatment requires consideration of many details of gauge fixing schemes which we were able to avoid here.
Appendix A: Spinor conventions and Gamma matrix algebra
This appendix is a list of spinor conventions.
In 11D superspace, we denote the general supercoordinates by z M , where M runs over the bosonic coordinates x m , and fermionic coordinates θ µ . Thus the curved index M splits into M = (m, µ), where m = 0, 1, ..., 10, µ = 1, 2, ..., 32. We use A = (a, α) for tangent space indices and we underline explicit tangent space indices (e.g., 0, 1, etc.), to differentiate them from explicit space-time indices.
We take the metric to have signature (−, +, ..., +) and use the Clifford algebra
where Γ a are real gamma matrices and η ab is the 11D Minkowski metric. We also set ǫ 01... = 1 and use the notation Γ a 1 ...an = Γ [a 1 ...Γ an] denoting antisymmetrization with weight one; e.g.
We use real Majorana anticommuting spinors of 32 components, denoted y α or θ µ . The conjugation operation is defined by,ȳ
where T corresponds to transpose matrix multiplication; e.g. y α C αβ instead of C αβ y β , and C αβ is the antisymmetric charge conjugation matrix with inverse C αβ . The indices of a spinor and a bispinor M α β are lowered and raised via matrix multiplication by C so that we have
We take C = Γ 0 . It should also be noted that for Majorana spinors like y, any expression yΓ a 1 ..an y vanishes for n = (1, 2, 5, 6, 9, 10) but in general is non-vanishing for n = (0, 3, 4, 7, 8).
For Majorana-Weyl spinors, only the corresponding expressions for n = (3, 7) are non-vanishing. Once one of the directions, say x 10 , has been compactified and the corresponding Γ 10 is identified with the chiral gamma matrix Γ ϕ , the fermionic coordinates appearing in 11D supergravity can be decomposed into two Majorana Weyl spinors (each of which we write in 32-component form). Thus in type IIA we may write
In type IIB, we choose the two 32 real component chiral spinors y 1 , y 2 to have positive chirality, and we write them together as a 64-component spinor of the form
Taking the tensor products of the 32 × 32 component Γ matrices with the 2 × 2 identity operator yields the 64 × 64 matrices
Finally, we use the usual Pauli matrices,
Appendix B: supergravity
This appendix is a list of supergravity conventions. We emphasizethat in all this paper we use the superspace convention for differential forms i.e.
11D supergravity
Here we borrow some of the conventions and definitions directely from Grisaru and Knutt [6] . We also use bold letters for pulled-back superfields in the main body of the paper. The theory is described in terms of the vielbein E A (x, θ) = dZ M E M A and three-form A = (1/3!)E C E B E A A ABC satisfying torsion constraints and field-strength constraints respectively [12, 13] :
These constraints put the theory on shell. From the Bianchi identities DT A = E B R B A , DR A B = 0 and dH = 0, or
one derives expressions for the remaining components of the torsion and curvature.
(e)
We will need the following additional consequences of the Bianchi identities:
which can be used to relate higher components (in θ) of field strengths and curvatures to lower components. We also note the three-form equation of motion,
This is a consequence of the constraints. Finally, we should state that all quantities in the expansion are evaluated at z M = (x m , 0) so that they involve only the θ = 0 components of the superfields and their derivatives. In particular we have (in Wess-Zumino gauge but in fact our expansion is completely supergravity
as well as
the supercovariantized gravitino field strength. We also note that the choice of Wess-Zumino gauge implies that the spinor covariant derivative connection vanishes at θ = 0, (see, for example, Superspace, eq. (5.6.8) [14] )
10D supergravity
Here we use basically the same convention as in [11, 9] . First, we note that two types of RR field strength appear in the literature of type II supergravity. In addition to dC (n) , it is also useful to introduce the following field strength definitions:
The type IIA bosonic part of the action is given by
and the supersymmetry transformations for the gravitino ψ m and dilatino λ are
The type IIB bosonic part of the action is given by (4) (69) and the supersymmetry transformations for the gravitino ψ m and dilatino λ are,
abc Γ abc ǫ (1, 2) .
In the above expressions κ 10 = 2π[(2πl s ) 8 g 2 s ] −1 and for the type IIB case, we use the convention that the self duality constraint on F (5) is imposed by hand at the level of the equations of motion.
Appendix C: Useful formulas for pulled-back fields
Here we collect some useful results on the T-duality transformation rules for the pulled-back fields. As in the main text, we use f ∼ O(y). 9.0.1 From Dp to D(p + 1)
Applying the rules for the pulled-back fields introduced in section 4.2, remembering that x 9 ↔ A 9 under T-duality, and neglecting terms of order O(y) we find,
For p even (from IIA to IIB), we have
while, for p odd (from IIB to IIA), we have 
